Extending the work of Jobson and Korkie (1981) , Lo (2002) and Memmel (2003) , this paper applies the technique of the repeated measures design to develop the Multiple Sharpe ratio test statistic to test the hypothesis of the equality of the multiple Sharpe ratios. We also work out the asymptotic distribution of the statistic and its properties.
Introduction
The basics of the mean-variance portfolio optimisation procedure have been well understood since the seminal work of Markowitz in the 1950's. The Sharpe ratio (Sharpe 1966 (Sharpe , 1994 , the ratio of the excess expected return of an investment to its return volatility or standard deviation is one of the most commonly used statistics in the mean-variance framework. Originally motivated by the mean-variance analysis and the Sharpe-Linter Capital Asset Pricing Model, the Sharpe ratio is now used in many different contexts in Finance and Economics, from the evaluation of portfolio performance to tests of market efficiency for risk management (Levy 1972 , Cumby and Glen 1990 , Jorion 1991 , Grinblatt and Titman 1994 , Agarwal and Naik 2004 . For example, Hodges, et al (1997) apply the Sharpe ratio to investigate the investment horizon of different portfolio types, namely small stocks, larger stocks and bonds. Results show that the Sharpe ratio first increases and then decreases in each portfolio type as the investment horizon lengthens and that bonds outperform stocks. Cochrane and Saa-Requejo (2000) impose the restrictions that investors would buy assets with high Sharpe ratio to pioneer option pricing by calculating the price bounds in one-period, multiperiod and continuous contexts. Lien (2002) finds portfolios with sufficiently large Sharpe ratios will have opposite rankings when tested by the Sortino ratio and the Upside Potential ratio. In addition, Leggio and Lien (2003) apply the Sharpe ratio as well as the Sortino ratio and the Upside Potential ratio to the dollar-cost averaging investment strategy and find that the relative ranking of dollar-cost averaging remains inferior to alternative investment strategies.
Although the Sharpe ratio has widespread use and myriad interpretations, little attention has been paid to its statistical properties. Because expected returns and volatilities can only be estimated, errors inevitably arise in the estimation of the Sharpe ratio. Jobson and Korkie (1981) are the first to study the asymptotic distribution of empirical Sharpe Ratios and develop a test for the equality of two Sharpe Ratios, which is simplified by Memmel (2003) . On the other hand, Lo (2002) derives a statistical distribution of the Sharpe ratio by using the standard econometric methods with several different sets of assumptions on the statistical behavior of the return series. With this statistical distribution, he shows that confidence intervals, standard errors, and hypothesis tests can be computed for the estimated Sharpe ratios in much the same way as regression coefficients such as portfolio alphas and betas are computed.
The Sharpe ratio test statistics developed by Jobson and Korkie (1981) , Lo (2002) and Memmel (2003) are important as they provide a formal statistical comparison between the Sharpe ratios of two portfolios. However, it is common in Finance and Economics not only to make pairwise comparison, but also multiple comparison among a large number of stocks or portfolios but so far such test is not available. Thus, it is not surprise that many articles do not report their test results when they compare a large number of portfolios.
For example, Gallagher and Jarnecic (2002) apply the Sharpe Ratio to analyse bond funds performance and conclude that active bond funds do not outperform the market benchmark. Edwards and Samant (2003) use the Sharpe ratio to evaluate risk-adjusted performance of socially responsible mutual funds during the period 1991 to 2000. So far, all the above studies do not report their testing results.
The unavailability of the multiple Sharpe ratios comparison calls forth alternative approaches. For example, Ackermann, et al (1999) compute the mean Sharpe Ratio and the median Sharpe ratio of several funds and test whether these estimates are significantly different from zero. Maller and Turkington (2002) compute the maximum Sharpe ratio from the assets and study the properties of such measure. These approaches enable investors to obtain some information about their portfolios but they cannot make multiple comparison among all the Sharpe ratios nor take into consideration the joint effect of all the portfolios. This paper addresses this issue by developing the multivariate test statistic to test the hypothesis of the equality of the multiple Sharpe ratios. We also work out the asymptotic distribution of the statistic and its properties.
To verify the superiority of our test over the traditional pair-wise Sharpe ratio test, we apply both tests to 17 iShares and Standard and Poor's Depository Receipts (SPY), which is treated as the eighteenth iShare in this paper. In March 1996, seventeen exchange Applying the traditional pair-wise Sharpe ratio test, we fail to reject the equality of the Sharpe ratios for any pair of the iShares, This implies that the performances of all the 18 iShares is indistinguishable. However, as the pair-wise test does not take into consideration the joint effect of all the iShares, evaluation is non-conclusive. Then we apply the multivariate test developed in this paper to the 18 iShares. Contrary to the pair-wise test, the Sharpe ratios of some iShares are different from the others for each year as well as for the entire sample. This means that some iShares outperform other iShares in the market. We note that the conclusion drawn from our findings is consistent with the findings in Gasbarro, et al (2006) who apply a stochastic dominance procedure to identify the dominance among iShares. The test developed in our paper provide more information in the evaluation of the portfolios' performance and enables investors to make wiser decisions in their investment.
In Section 2, we describe the asymptotic distribution of the multiple Sharpe ratios and in Section 3 we lay out the multivariate test statistic for testing the hypothesis of the equality of multiple Sharpe ratios. In Section 4, we illustrate our approach by examining the equality of Sharpe ratios of the 18 iShares and in Section 5 we conclude our findings.
Asymptotic distribution of the Sharpe Ratio
Recall that the Sharpe ratio is defined as the ratio of the excess expected return to the standard deviation of return where the excess expected return is usually computed relative to the risk-free rate, r f . Consider k (k ≥ 2) portfolios of expected excess returns X 1t , . . . , X kt at time t with means µ 1 , . . . , µ k , variance σ 2 1 , . . . , σ 2 k and covariance, σ ij , of portfolio i and j. For simplicity, in this paper we assume the excess returns to be serially independent and identically distributed (iid) as normal distribution and not subject to change through time.
We note that for many economic or financial data, {X it } may not be iid. For example, it is well known that stock returns could be heteroskedastic in their variances. To circumvent this problem, it is common to include a Generalized Autoregressive Conditional Heteroscedasticity (GARCH) innovation to allow for both autoregressive and moving average components in the heteroskedastic variance of the return to display a high degree of persistence.
1 However, in this situation, one could easily transform them to be iid. For example, if {X it } follow a GARCH model such that
for i = 1, · · · k and t = 1, . . . , T ; where ε it follows a Generalized Autoregressive Conditional Heteroscedasticity (GARCH) (p, q) model such that
Then, one could easily estimate {h it } by {ĥ it }, transfer {X it } into {X * it } by setting
and thus {X * it } are iid for each i. Thus, for simplicity and tractability, we assume {X it } to be iid for each i in this paper.
k ) be a 2k × 1 vector of unknown parameters, the vector of the Sharpe ratios of the k portfolios is then an k × 1 vector such that
Going beyond Jobson and Korkie (1981) , Lo (2002) and Memmel (2003) , our test statistic test the hypothesis, H 0 , of the equality of multiple Sharpe ratios such that:
be the vector of the usual sample means and sample variances calculated from n observations. The parameter u(θ) in (2) can then be estimated
According to the standard asymptotic distribution theory, we have
where
and 0 is an k × k matrix of zeros.
Applying the multivariate version of the δ-method, (see for example, p.492 of Bishop, Fienberg and Holland 1975) , we have
is an k × 2k matrix with D 1 and D 2 to be k × k diagonal matrices whose diagonal elments are (1/σ 1 , . . . , 1/σ k ); and [−µ 1 /(2σ
where 
is the correlation of the excess returns of portfolios i and j. Thereafter, (6) can be expressed as
Note that the asymptotic variance of r i in (9) is 1 + r 2 i /2 which is the same as Equation (8) which is the same as Equation (13) in Memmel (2003) .
Hypothesis Testing
Having derived the asymptotic distribution of the Sharpe ratio u(θ) = (r 1 , . . . , r k ) , we are going to test the hypothesis H 0 stated in (3). The standard multivariate method known as the repeated Measures Design for comparing Treatments (see for example, Johnson and Wichern 2002, p278) is used to test H 0 . We first define the (k − 1) × k constant matrix C such that
The hypothesis H 0 in (3) is then equivalent to
Thereafter, the Hotelling's T 2 test
can be applied to test this hypothesis. For the α level, we reject the hypothesis H 0 in (12) if
and conclude that in H 1 , C u(θ) = 0 where F k−1,n−k+1 (α) is the upper (100α) th percentile of an F -distribution with k − 1 and n − k + 1 degrees of freedom andΩ is the estimate of Ω in (10) such that the unknown parameters r i and ρ ij are replaced by their sample estimates. Jobson and Korkie (1981) , Lo (2002) and Memmel (2003) could only be used to compare the Sharpe ratios of the returns for a pair of portfolios, not for the entire 18 iShares, we will apply the test developed in this paper for this purpose.
An empirical example
We first depict in Table 2 the means, standard deviations and the Sharpe ratios for the returns of these 18 iShares. The Sharpe ratios are then used to rank the iShares from the highest to the lowest ratios. In order to test the performance of the iShares, we first pair up the iShares and apply the pair-wise Sharpe ratio test statistic developed by Jobson and Korkie (1981) , Lo (2002) and Memmel (2003) to test their equality. For simplicity, we display the p-values of these results only for the entire period in Tables 3A and 3B .
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The results do not allow us to reject the equality of the Sharpe ratios for any pair of the iShares. This may explain why investors conclude that the returns of all the 18 iShares are indistinguishable, including those with the highest and the lowest ratios.
As the pair-wise test does not take into consideration the joint effect of all the portfolios, the conclusion drawn by this pair-wise test could be ambiguous in their evaluation of the iShares. Specifically, ambiguity could present between measure or within measure or both. To circumvent this problem, we apply the test developed in this paper for comparison. Using the notations defined in Section 3, we have n = 1961 and k = 18. Table 4 gives the values of the Hotelling's T 2 statistic defined in (13) and their corresponding p-values for each year from 1996 to 2003 and the p-value for the entire sample period. The matrix (8) is the correlation matrix of these excess returns. This is an 18 × 18 matrix which we skip reporting it in this paper as it is too large to be displayed here. Once this matrix is computed, it is straightforward to computeΩ from (10) and thereafter calculate the Hotelling's T 2 statistic from (13). It turns out that T 2 = 88.2227 for the entire period, which is much greater than [(n−1)(k −1)F k−1,n−k+1 (0.01)]/(n−k +1) = 33.843. Similarly, the computed Hotelling's T 2 statistic for each year is much bigger than the corresponding critical value at the 1% level. Thus, there is sufficient evidence to conclude that these Sharpe ratios are different for each year as well as for the entire sample, contradicting the conclusion drawn by the pair-wise Sharpe ratio test. Nonetheless, different from applying pair-wise Sharpe ratio test, one will conclude that some iShares outperform other iShares in the market when they apply the test developed in this paper. This additional piece of information provided by applying our test could be useful for investors in their investment decisions. 
Conclusion
Adopting the repeated measures design, this paper extends the work of Jobson and Korkie (1981) , Lo (2002) and Memmel (2003) by developing the multivariate test statistic to test the hypothesis of the equality of multiple Sharpe ratios. In addition, we develop the asymptotic distribution of the statistics, and provide a means of correcting the bias in Sharpe Ratio noted by Miller and Gehr (1978) . However, this bias will decreases as the sample size increases. Thus, this bias will not affect the testing procedure introduced in our paper asymptotically. Achour, et al (1984) develop a test for multiple Sharpe Ratio based on the sum of pair-wise difference of two portfolios. They propose two asymptotic tests using normal distribution and chi-square distribution. Their approach can be considered as a special case of the multivariate test developed in this paper. Our approach is more general and uses the well-known Hotelling's T 2 test in multivariate analysis.
To illustrate the applicability of the multivariate test statistic developed in our paper, we apply the statistic to test the equality of Sharpe ratios for the eighteen iShares. The results could then be used to evaluate the performance of the iShares. We note that the multivariate test statistic developed in our paper could also be used in many different contexts in Finance and Economics. For example, the statistic could be used to extend the work of Levy (1972) , Cumby and Glen (1990) , Jorion (1991) , Grinblatt and Titman (1994) and MacKinlay and Pastor (2000) in the evaluation of multiple portfolio performance, which, in turn, could be used to test market efficiency. The results will be useful in risk management and investment decision making.
Further extension includes applying our approach to modify several other existing pair-wise test statistics into multivariate test statistics. For example, Cerny (2003) extends Sharpe's work to the Generalized Sharpe Ratios which provide a consistent ranking of investment opportunities even when asset returns are highly non-normal. Favre and Galeano's (2002) develop the Modified Value-at-Risk (VaR) which replaces the standard deviation in the Sharpe Ratio to correctly assess non-normal returns. Chen (2005) considers nonparametric estimation of VaR and associated standard error estimation for dependent financial returns. Kuester, Mittnik, and Paolella (2006) compare the out-of-sample performance of existing methods and some new models for predicting value-at-risk (VaR) in a univariate context. They find that most approaches perform inadequately and find that a hybrid method, combining a heavy-tailed generalized autoregressive conditionally heteroskedastic (GARCH) filter with an extreme value theory-based approach, performs best overall. One could easily apply our approach to extend the above work into the corresponding multivariate test statistic which could shed new light on asset investments.
